On the log canonical ring in Kodaira dimension two by Liu, Haidong
ar
X
iv
:1
91
1.
01
82
8v
2 
 [m
ath
.A
G]
  2
2 N
ov
 20
19
ON THE LOG CANONICAL RING IN KODAIRA DIMENSION TWO
HAIDONG LIU
Abstract. We prove that the log canonical ring of a projective log canonical pair in
Kodaira dimension two is finitely generated.
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1. Introduction
Recently, Osamu Fujino generalized the klt-trivial fibration in [A] and the lc-trivial fi-
bration in [FG] to the so-called slc-trivial fibration in [Fu4], where using some deep results
of theory of variations of mixed Hodge structures on cohomology with compact support.
This technique gives us a tool to deal with fibrations in a more Hodge theoritic way rather
than running relative minimal model program in the [BCHM] way, where the latter one
might not work when the general fiber of the fibration is a simple normal crossing variety.
One of its applications is [FL2], in which Fujino and the author proved that quasi-log
canonical pairs are Du Bois without using minimal model program. Since log canonical
pairs are quasi-log canonical pairs, they gave another proof of [KK] in a short way, where
[KK] heavily depended on [BCHM]. In this paper, we give another application of slc-trivial
fibrations to shed some light on the finite generation conjecture:
Conjecture 1.1. Let (X,∆) be a projective log canonical pair such that ∆ is a Q-divisor.
Then the log canonical ring
R(X,∆) :=
⊕
m≥0
H0(X,OX(⌊m(KX +∆)⌋))
is a finitely generated C-algebra.
In [FL3], Fujino and the author listed some recent progress in this conjecture, and proved
it under the assumptions that (X,∆) is plt and κ(X,KX +∆) = 2. Their proof is actually
in the Hodge theoritic way. We will follow the basic idea in [FL3] and prove the following
main result by using a more general kind of connectedness lemma (Section 3) and the
theory of slc-trivial fibrations (Section 4).
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Theorem 1.2 (Main Theorem). Let (X,∆) be a projective log canonical pair such that ∆
is a Q-divisor. Assume that κ(X,KX +∆) = 2. Then the log canonical ring
R(X,∆) =
⊕
m≥0
H0(X,OX(⌊m(KX +∆)⌋))
is a finitely generated C-algebra.
This paper can be viewed as a further study of [FL3]. Here we will freely use the basic
notation in that paper (in particular in [FL3, Section 2 and 3]). Therefore, we recommend
the interested readers to see [FL3] as a warm-up.
Acknowledgments. The author would like to thank Professor Osamu Fujino for answer-
ing some questions on the theory of slc-trivial fibrations.
We will work over C, the complex number field, throughout this paper. We will also
freely use the basic notation of the minimal model program as in [Fu2] and [Fu3]. In this
paper, we do not use R-divisors. We only use Q-divisors.
2. On variation of mixed Hodge structures
Let S be a path connected and locally 1-connected topological space. A local system
on S is a locally constant sheaf V of Q-vector spaces on S (cf. [PS, Lemma B.34]). In
particular, a constant system is a constant sheaf V. We sometimes denote the constant
system as VS if there is no danger of confusion. One example of the local systems is the
so-called variation of (mixed) Hodge structures. We follow the definitions in [FF]. See also
[SZ, 3.1 and 3.4], [SSU, Part I, Section 1], [BZ, Section 7], [PS, Definition 14.44 and 14.45]
and so on.
Definition 2.1 ([FF, Definition 3.5 and 3.8]). Let S be a complex manifold. A polarizable
variation of Q-Hodge structures of weight m on S is a triple V = (V, (V, F ), α) consisting
of
• a local system V of finite dimensional Q-vector space,
• an OS-module V equipped with a finite decreasing filtration F ,
• a morphism of Q-sheaves α : V→ V,
such that
• α induces an isomorphism OS ⊗ V ≃ V of OS-modules,
• GrpF V is a locally free OS-module of finite rank for every p,
• (Vs, F (V(s))) is a Hodge structure of weight m for every s ∈ S, where we identify
Vs ⊗ C with V(s) by the isomorphism α(s),
• the canonical integrable connection∇ on V ≃ OS⊗V satisfies the Griffiths transver-
sality ∇(F p) ⊂ Ω1S ⊗ F p−1 for every p,
• there is a morphism
V ⊗ V → QS(−m)
which induces a polarization on (Vs, F (V(s))) for every point s ∈ S.
Definition 2.2 ([FF, Definition 3.9 and 3.10]). Let S be a complex manifold. A graded po-
larizable variation of Q-mixed Hodge structures on S is a triple V = ((V,W ), (V,W, F ), α)
consisting of
• a local system V of finite dimensional Q-vector space, equipped with a finite in-
creasing filtration W by local subsystems,
• an OS-module V, equipped with a finite increasing filtration W and a finite de-
creasing filtration F ,
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• a morphism of Q-sheaves α : V→ V preserving the filtration W,
such that
• the canonical integrable connection∇ on V ≃ OS⊗V satisfies the Griffiths transver-
sality ∇(F p) ⊂ Ω1S ⊗ F p−1 for every p,
• the triple GrWm V = (GrWm V, (GrWm V, F ),GrWm α) is a polarizable variation of Q-
Hodge structures of weight m for every m.
The following theorem shows that for any graded polarizable variation ofQ-mixed Hodge
structures given in this paper, the OS-module V is directly defined as OS⊗V. That is, the
isomorphism induced by α is an identification. We can omit the morphism α since there
is no danger of confusion.
Theorem 2.3 ([FF, Theorem 4.15]). Let (V, T ) be a simple normal crossing pair such that
T is reduced and let f : V →W be a projective surjective morphism onto a smooth variety
W . Assume that every stratum of (V, T ) is dominant onto W . Let Σ be a simple normal
crossing divisor on W such that every stratum of (V, T ) is smooth over W ∗ = W \ Σ. We
put V ∗ = f−1(W ∗), T ∗ = T |V ∗. Let ι : V ∗ \ T ∗ →֒ V ∗ be the natural open immersion.
Then the local system V := Rk(f |V ∗)∗ι!QV ∗\T ∗ underlies a graded polarizable admissible
variation of Q-mixed Hodge structure on W ∗ for every k. Note that V := OW ∗ ⊗ V.
From now on, we recall Deligne’s canonical extension in dimW = 1. We follow the
statements in [Fu1, 2.13 and 2.14]. Let w be a point of Σ, ∆ a disc at around this point
w and ∆∗ = ∆ \ w. The fundamental group π1(∆∗) is isomorphic to Z. Let γ be a
generator of π1(∆
∗) corresponding to a path that circles around w counter-clockwise. Let
π : H→ ∆∗ be a universal cover where H is the upper half-plane. Let E = O∆∗ ⊗E where
E is a local system of finite dimensional Q-vector space on ∆∗. Let E be a stalk of E at
some basepoint of ∆∗. Let {e1, ..., en} be a fixed basis of E. Denote the local monodromy
matrix Tγ corresponding to γ as follows:
γ(e1, ..., en) = (e1, ..., en)T
−1
γ .
Assume that Tγ is unipotent. Define N = log Tγ and
Si := (e1, ..., en) exp(zN)(0...0, 1, 0...0)
T
where z is the parameter on H and the column vector on the right hand side is the i-th unit
vector with respect to the basis {ei}. Note that Si is invariant under the local monodromy
actions. Therefore, there exists a section si ∈ H0(∆∗,E) such that Si = π∗si for every i.
Then
E¯ := O∆s1 ⊕ · · · ⊕ O∆sn
is called the canonical extension of E . Note that these local canonical extensions can be
patched together to be a global canonical extension.
Note also that the local monodromy matrix of V in Theorem 2.3 is quasi-unipotent.
Once we get that it is unipotent, then we can of course take the canonical extension as
V¯ = O∆s1 ⊕ · · · ⊕ O∆sn
in dimW = 1 as above. Assume further that V is a constant system on W ∗ and thus Tγ
is trivial on any local punched disc. Then it is easy to see that N = 0 and thus si = ei are
all constants on any local punched disc. By patching together local canonical extensions,
we can see that the global canonical extension is
V¯ = OW e1 ⊕ · · · ⊕ OW en.
In particular, V¯ = OW e1 = OW if V is of rank one.
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3. Connectedness lemma
[FL3, Section 4] showed a kind of connectedness lemma for plt pairs. But it does not
suffice if we try to deal with finite generation conjecture for lc pairs. For our purposes, we
need a more general kind of connectedness lemma as follows. Note that it is also a special
case of adjunction formula for quasi-log canonical pairs (cf. [Fu3, Theorem 6.3.5]).
Lemma 3.1 (Connectedness). Let f : V →W be a projective surjective morphism from a
projective simple normal crossing variety V onto a normal projective variety W . Assume
that every stratum of V is dominant onto W and f∗OV = OW . Let BV be a Q-divisor on
V such that KV +BV ∼Q,f 0, (V,BV ) is sub slc and SuppBV is a simple normal crossing
divisor. Assume that the natural map
OW → f∗OV (⌈−(B<1V )⌉)
is an isomorphism. Let Z be a connected union of some images of stratum of B=1V such
that Z ( W . Let S be the union of strata of B=1V mapping onto Z. We put KS + BS =
(KV +BV )|S by adjunction. Then (S,BS) is sub slc and the natural map
OZ → g∗OS(⌈−(B<1S )⌉)
is an isomorphism, where g := f |S. In particular, S is connected.
Proof. We sketch the proof as in [FL3, Corollary 4.2]. We can easily check that (S,BS) is
sub slc by adjunction. Consider the following short exact sequence
0→ OV (⌈−(B<1V )⌉ − S)→ OV (⌈−(B<1V )⌉)→ OS(⌈−(B<1S )⌉)→ 0,
where B<1V |S = B<1S holds. By our constructions of Z and S, we know that no lc strata
of (V, {BV } + B=1V − S) are mapped onto Z by f . By the same argument as in the proof
of [Fu3, Theorem 6.3.5 (i)] (see also [FL3, Lemma 4.1]), we obtain that the natural map
OZ → g∗OS(⌈−(B<1S )⌉) is an isomorphism. In particular, the natural map OZ → g∗OS is
an isomorphism. This implies that S is connected. 
The proof of following corollary is very similar to [FL1, Theorem 1.1]. It allows us to
remove those strata of B=1V in S who are not dominant onto Z when Z is normal.
Corollary 3.2. Notation as in Lemma 3.1. Assume further that Z is irreducible and
normal. Let S ′ be the union of strata of B=1V dominant onto Z. Put KS′ + BS′ = (KV +
BV )|S′ by adjunction. Then (S ′, BS′) is also sub slc and the natural map
OZ → g′∗OS′(⌈−(B<1S′ )⌉)
is an isomorphism, where g′ := f |S′. In particular, S ′ is connected.
Proof. Consider the following commutative diagram:
S ′
g′


 ι
// S
g

Z˜
p
// Z
where ι : S ′ → S is the natural closed immersion and
S ′
g′
// Z˜
p
// Z
is the Stein factorization of g ◦ ι : S ′ → Z. By [FL1, Claim 1], p is the normalization.
Since Z is normal, p is an isomorphism. Then the rest of the proof is exactly the same as
in [FL1, Claim 2]. 
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4. On slc-trivial fibrations
In this section, we first recall some definitions and results about slc-trivial fibrations for
the reader’s convenience. For more details about slc-trivial fibrations, see [Fu4] and [FFL].
Let f : V → W be a projective surjective morphism from a projective simple normal
crossing variety V onto a normal projective variety W . Assume that every stratum of V
is dominant onto W and f∗OV = OW . Let BV be a Q-divisor on V such that (V,BV ) is
sub slc and SuppBV is a simple normal crossing divisor. Let P be a prime divisor on W .
By shrinking W around the generic point of P , we assume that P is Cartier. Set
bP := max {t ∈ Q | (V,BV + tf ∗P ) is sub slc over the generic point of P} .
Then put
BW :=
∑
P
(1− bP )P,
where P runs over prime divisors on W . It is easy to see that BW is a well-defined Q-
divisor on W . We call BW the discriminant Q-divisor of f : (V,BV ) → W . We assume
that the natural map
OW → f∗OV (⌈−(B<1V )⌉)
is an isomorphism. By the same proof as in [FL3, Lemma 5.1], we have:
Lemma 4.1. BW is a boundary Q-divisor on W .
From now on we assume that KV +BV ∼Q,f 0. Let b = min{m ∈ Z>0|m(KF +BF ) ∼ 0}
where F is a general fiber of f and KF + BF = (KV + BV )|F . Then there is a rational
section ϕ ∈ Γ(V,K∗V ) and a Q-divisor D on W such that
KV +BV +
1
b
(ϕ) = f ∗D.
We further assume that D is Q-Cartier. Then put
MW := D −KW −BW ,
where KW is the canonical divisor of W . We call MW the moduli Q-divisor of KV +BV +
1
b
(ϕ) = f ∗D. Under above assumptions and definitions, such a morphism f : (V,BV )→W
is a kind of slc-trivial fibration defined in [Fu4, Definition 4.1]. Note that D is uniquely
determined by ϕ once KV , KW and BV are fixed (cf. [M, (2.6.i)], [FM, Proposition 4.2]
or [A, Remark 2.5]); thus so is MW . Note also that ϕ can be viewed as a b-divisor in the
sense of [A, 1.2 and Example 1.1 (2)] or [Fu4, Definition 2.12].
Based on the theory of slc-trivial fibrations, we get a useful corollary from [FFL] which
is a generalization of [A, Theorem 0.1] and [Fl, Theorem 1.4].
Theorem 4.2 ([FFL, Corollary 1.4]). Notation as above. If dimW = 1, then the moduli
Q-divisor MW is semi-ample.
The same as [FL3, Corollary 5.4], we immediately have the following easy corollary of
Theorem 4.2:
Corollary 4.3. Notation as above. If dimW = 1 and D is nef, then D is semi-ample.
The following lemma seems to be a simple fact hidden behind the proof of Theorem 4.2.
But it will play a very key role in this paper. It shows that in the numerically zero case,
the moduli part of the slc-trivial fibration defines a local system coming from the variation
of (mixed) Hodge structures, and the difference between the moduli part and the local
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system is given by the rational section ϕ. This property makes the moduli parts possible
to be glued together in the non-normal cases.
Lemma 4.4. Notation as above. If dimW = 1 and MW ≡ 0, then there exists a positive
integer k such that OW (kMW ) · ( b
√
ϕk) = OW .
Proof. We can assume that the morphism f : (V,BV ) → W satisfies the following condi-
tions (a)–(g). They are nothing but the conditions stated in [Fu4, Proposition 6.1] and
[FFL, Section 5]:
(a) W is a smooth curve and V is a projective simple normal crossing variety.
(b) ΣW and ΣV are simple normal crossing divisors on W and V respectively.
(c) f is a projective surjective morphism.
(d) BV and BW , MW are supported by ΣV and ΣW respectively.
(e) every stratum of (V,ΣhV ) is smooth over W
∗ :=W \ ΣW .
(f) f−1(ΣW ) ⊂ ΣV , f(ΣvV ) ⊂ ΣW .
(g) (BhV )
=1 is Cartier.
By [Fu4, Lemma 7.3, Theorem 8.1], there exists a finite surjective morphism π : C → W
(unipotent reduction) and a Cartier divisor MC such that MC = π
∗MW . Note that there
is also an induced (pre-)slc-trivial fibration (see [Fu4, 4.3]) f ′ : (V ′, BV ′)→ C with
KV ′ +BV ′ +
1
b
(ϕ′) = f ′∗(π∗D).
where ϕ′ is the pulling back of ϕ. By the proof of [FFL, Theorem 1.3] (see also [A, Lemma
5.2]), OC(MC) · ( b
√
ϕ′)|C∗ is a direct summand of F 0GrWl
(
(VdC∗)∗
)
where C∗ = π−1(W ∗)
and GrWl
(
(VdC∗)∗
)
is a polarizable variation of Q-Hodge structures. By Definition 2.1, 2.2
and Theorem 2.3,
GrWl
(
(VdC∗)∗
)
= OC∗ ⊗ V
where V is a local system on C∗. Note that the induced filtration F 0(V) is not necessary
a local subsystem of V. But by [Fu4, Proposition 6.1] and the assumption that MC =
π∗MW ≡ 0, there is an induced identification:
OC(MC) · ( b
√
ϕ′)|C∗ = OC∗ ⊗ N
where N ⊂ V is a local subsystem of rank one by [FFL, Lemma 4.7]. Then by [D, Corollaire
(4.2.8) (iii) b)], there is a positive integer t such that N⊗t is a constant system and
OC(tMC) · ( b
√
(ϕ′)t)|C∗ = OC∗ ⊗ N⊗t.
Therefore, we can take a canonical extension such that
OC(tMC) · ( b
√
(ϕ′)t) = OC ⊗ N⊗t
by [FF, Theorem 7.1] (see also [Ka, Lemma 1], [N, Theorem 1] or [Ko, Theorem 2.6]).
That is, tMC + t(
b
√
ϕ′) = 0 by viewing as Cartier divisors. By pushing forward, we have
that
t · deg π · (MW + ( b√ϕ)) = 0.
Let k = t · deg π. Then OW (kMW ) · ( b
√
ϕk) = OW . 
Remark 4.5. Note that on W , we can show that OW (MW )( b√ϕ)|W ∗ defines a local sub-
system by the same proof of [FFL, Theorem 1.3]. Then by [D, Corollaire (4.2.8) (iii) b)],
there is a positive integer k such that OW (kMW ) · ( b
√
ϕk)|W ∗ is a constant system. This k
coincides with that k in Lemma 4.4.
Now we are ready to prove the following corollary.
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Corollary 4.6. Notation as above. If dimW = 2, (W,BW ) is dlt, and D is nef and big,
then D is semi-ample.
Proof. Let C = B=1W and assume that C =
∑
Ci is connected for simplicity. Note that
D = KW + BW +MW where BW = C + B
<1
W is a boundary Q-divisor and MW is nef by
[Fu4, Theorem 1.2]. Then 2D− (KW +BW ) = D+MW is nef and big. Therefore, to prove
that D is semi-ample, it suffices to prove that D|C is semi-ample by Kawamata–Shokurov
basepoint-free theorem (cf. [FL3, Lemma 4.3]). Let C = A + B where A =
∑
D·Ci=0
Ci and
B =
∑
D·Cj>0
Cj. Then D|A is numerically trivial on A and D|B is ample on B. If we can
prove that D|A is Q-linearly trivial, then D|C is semi-ample by [G, Lemma 2.6]. Replacing
C by A, we assume that D|C is numerically trivial. That is,
C · (KW + C +B<1W +MW ) = 0.
This implies that 2pa(C) − 2 = degKC = C · (KW + C) ≤ 0. If pa(C) = 0, then it is
obvious that D|C is Q-linearly trivial. Thus we assume that pa(C) = 1. Then
C · (KW + C) = C · B<1W = C ·MW = 0.
Therefore, C is either a smooth elliptic curve or a nodal rational curve or a cycle of smooth
rational curves (taking analytic dlt pairs into consideration). When C is a smooth elliptic
curve, D|C is Q-linearly trivial by Corollary 4.3. When C is a nodal rational curve and P
is the nodal point, we blow up W at point P and denote it as π : W ′ → W . Note that
W ′ is smooth at around π−1(P ) since W is smooth at the nodal point P . Let BW ′ be the
Q-divisor such that KW ′ + BW ′ = π
∗(KW + BW ), D
′ = π∗D and MW ′ = π
∗MW . Then it
is easy to see that C ′ = B=1W ′ is a cycle of two smooth rational curves and D
′ is semi-ample
if and only if D is semi-ample. Thus we reduce the case to that C is a cycle of smooth
rational curves. Then MW · C = 0 implies that MW · Ci = 0 for every i since MW is nef.
Let S be the union of strata of (V,B=1V ) mapping onto C. By Lemma 3.1, the natural map
OC → g∗OS(⌈−(B<1S )⌉) is an isomorphism, where KS + BS = (KV + BV )|S and g = f |S.
Similarly, let Si be the union of strata of (V,B
=1
V ) dominant (not only mapping) onto Ci
for every i. By Lemma 3.1 and Corollary 3.2, OCi → gi∗OSi(⌈−(B<1Si )⌉) is an isomorphism
where KSi +BSi = (KV +BV )|Si and gi = f |Si. Then
KS +BS +
1
b
(ϕ)|S = (KV +BV + 1
b
(ϕ))|S = g∗(D|C)
and
KSi +BSi +
1
b
(ϕ)|Si = (KV +BV +
1
b
(ϕ))|Si = g∗i (D|Ci).
Note that the number bi := min{m ∈ Z>0|m(KFi + BFi) ∼ 0} is a factor of b where Fi
is the general fiber of gi for every i. That is, there exists a positive integer si such that
b = sibi for every i. Then the morphism gi : (Si, BSi) → Ci satisfies our definition of
slc-trivial fibration with KSi +BSi +
1
bi
( si
√
ϕ)|Si = g∗i (D|Ci) and
(4.1) D|Ci = KCi +BCi +MCi .
By Lemma 4.4, there exists a positive integer k (not depending on i) such that
OCi(kMCi) · ( b
√
ϕk|Ci) = OCi .
By adjunction, we have
(4.2) D|Ci = (KW + C +MW )|Ci = KCi + (C − Ci)|Ci +MW |Ci.
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It is easy to compare (4.1) and (4.2) and get that BCi = (C−Ci)|Ci consists of two reduced
points on Ci and MCi =MW |Ci. Therefore,
(4.3) (OC(kMW ) · ( b
√
ϕk|C))|Ci = OCi(kMCi) · ( b
√
ϕk|Ci) = OCi .
Since the right hand side is the structure sheaf for every i, we can glue them together and
get OC exactly. That is, OC(kMW ) · ( b
√
ϕk|C) = OC . Then OC(MW ) ∼Q OC and thus
MW |C ∼Q 0. Therefore,
D|C = KC +MW |C ∼MW |C ∼Q 0,
and this is what we want. 
Remark 4.7. In fact, we showed that if dimW = 2, (W,BW ) is dlt, and there is some
number a > 0 such that aD− (KW +BW ) is nef and big, then D is semi-ample. The proof
is without any change.
5. Proof of Theorem 1.2
By the proof of [FL3, Theorem 1.2], we can assume that there is a morphism f : X → Y
satisfying the following conditions:
(a) f is toroidal with respect to the toroidal embeddings (UX ⊂ X) and (UY ⊂ Y ),
(b) f is equidimensional,
(c) Y is a smooth projective surface,
(d) X has only quotient singularities,
(e) (X,∆) is log canonical, and
(f) UX ∩∆ = ∅.
Let b = min{n ∈ Z>0|n(KF + BF ) ∼ 0} where F is a general fiber of f and KF + BF =
(KX +∆)|F . Since κ(X,KX +∆) > 0, we can take a divisible positive integer a such that
b|a and
H0(X,OX(a(KX +∆))) 6= 0.
Therefore, there exists an effective Cartier divisor L on X such that
a(KX +∆) ∼ L.
We put
G := max{N |N is an effective Q-divisor on Y such that L ≥ f ∗N}.
Then we set
D :=
1
a
G and F :=
1
a
(L− f ∗G).
By construction, we have the following quasi-log type resolution formula:
(5.1) KX +∆ ∼Q f ∗D + F,
where D and F are effective Q-divisors and for every nonnegative integer i, the natural
map
OY → f∗OX(⌊iF ⌋)
is an isomorphism (see [FL3, Lemma 7.1]). Therefore, there exists a divisible positive
integer r such that r(KX +∆) and rD are Cartier and that
H0(X,OX(mr(KX +∆))) ≃ H0(Y,OY (mrD))
holds for every nonnegative integer m. In particular, D is a big Q-divisor on Y . We put
B := ∆−F and consider KX +B ∼Q f ∗D. Let p : V → X be a birational morphism from
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a smooth projective variety V such that KV + BV = p
∗(KX + B) and that SuppBV is a
simple normal crossing divisor.
V
p
//
pi
  
❅
❅
❅
❅
❅
❅
❅
❅
X
f

Y
It is obvious that (V,BV ) is sub log canonical and KV + BV ∼Q π∗D holds. Since
p∗OV (⌈−(B<1V )⌉) ⊂ OX(kF ) for some divisible positive integer k, the natural map OY →
π∗OV (⌈−(B<1V )⌉) is an isomorphism. For any prime divisor P on Y , we put
bP := max {t ∈ Q | (X,B + tf ∗P ) is sub lc over the generic point of P} .
Then we set
BY :=
∑
P
(1− bP )P
as in Section 4. SinceKV +BV = p
∗(KX+B) and the natural map OY → π∗OV (⌈−(B<1V )⌉)
is an isomorphism, BY is the discriminant Q-divisor of π : (V,BV )→ Y and is a boundary
Q-divisor on Y by Lemma 4.1. By construction, we have bP = 1 if P ∩ UY 6= ∅, where
(UY ⊂ Y ) is the toroidal structure in (a). Therefore, SuppBY ⊂ Y \UY and SuppBY is a
simple normal crossing divisor on Y . We put
MY := D −KY − BY
where MY is the moduli Q-divisor of KV +BV ∼Q π∗D by the definition of D as in Section
4. Note that (Y,BY ) is dlt. By [FL3, Lemma 6.1] (which also works on dlt pairs), there
exists a projective birational contraction morphism ϕ : Y → Y ′ onto a normal projective
surface Y ′ such that D′ = KY ′ + BY ′ +MY ′ is nef and big and that D = ϕ
∗D′ + E for
some effective ϕ-exceptional Q-divisor E on Y . Of course, D′, KY ′ , BY ′, and MY ′ are the
pushforwards of D, KY , BY , and MY by ϕ, respectively.
V
pi

pi′
  
❆
❆
❆
❆
❆
❆
❆
Y
ϕ
// Y ′
By replacing V birationally, we may further assume that the union of SuppBV and
Supp π∗E is a simple normal crossing divisor on V . We consider
KV +BV − π∗E ∼Q π′∗D′.
We note that the natural map
OY ′ → π′∗OV (⌈−(BV − π∗E)<1⌉)
is an isomorphism since π∗OV (⌈−(BV − π∗E)<1⌉) ⊂ OY (kE) for some divisible positive
integer k and OY ′ ∼−→ ϕ∗OY (kE). By construction, (Y ′, BY ′) is dlt and BY ′ is the discrim-
inant Q-divisor of π′ : (V,BV −π∗E)→ Y ′. Therefore, by Corollary 4.6, D′ is semi-ample.
Thus, we obtain that⊕
m≥0
H0(Y,OY (⌊mD⌋)) ≃
⊕
m≥0
H0(Y ′,OY ′(⌊mD′⌋))
is a finitely generated C-algebra. This implies that the log canonical ring R(X,∆) of
(X,∆) is also a finitely generated C-algebra.
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